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In this paper, we establish a laying-off algorithm for constructing a (simple) 
graph with prescribed degrees and with a Hamiltonian path starting at a specified 
vertex. This algorithm can be applied to construct a Hamiltonian graph with 
prescribed degrees. It is also shown that Hamiltonian bigraphs with prescribed 
degrees can be similarly constructed. 
1. INTRODUCTION 
Graphs considered are with neither loops nor multiple edges; common 
definitions omitted can be found in [7]. The symbol d denotes a sequence 
(4 3..., d,) of nonnegative integers. A realization G of d is a graph whose 
vertices v1 ,..., v, have degrees dl ,..., d, , respectively. A sequence d is 
graphical if it has some realization. Several criteria for a sequence to be 
graphical and an efficient method to construct a realization by “laying off” 
vertices are known; see, for instance, [7; Theorems 6.1, 6.2 and Corollary 6.11. 
An algorithm for constructing a realization with a k-factor, due to Rleitman 
and Wang, can be found in [9]. 
In Section 2 of this paper, we show that a realization of a sequence with 
a Hamiltonian path or cycle can also be constructed by laying off vertices 
whenever such a realization exists). In Section 3, we give the analogous 
algorithms for bigraphs. Three existential conditions are stated in Section 4, 
for reference. 
We need the following definitions. 
The neighborhood N,(v) of a vertex v in a graph G is the set of vertices 
adjacent to v in G. The closed neighborhood N,[v] is the set N&v) U (u>. 
If H is a subgraph of G, then G - H denotes the graph obtained from G 
by removing the edges in H. I f  U, v, x, y  are four distinct vertices in G, 
a (uv, xy)-exchange, or simply an exchange, on G is an operation on G which 
removes the edges ZIV, xy in G and adjoins the edges vx, yu to 6. If P’ is a-set 
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of vertices with a number L(v) assigned to each vertex v E V and if S is a 
subset of V, we write S = (wl ,..., wt) to mean that w1 ,..., wt are the vertices 
of S and L(wJ > L(wJ > *** 3 L(w,). 
2. CONSTRUCTION OF HAMILTONIAN GRAPHS WITH PRESCRIBED DEGREES 
In this section, we first describe what we mean by the layoff of a vertex in 
the construction of a realization of d and then we establish a laying-off 
algorithm for constructing a realization of d with a Hamiltonian path starting 
at a specified vertex. Finally, we show how a Hamiltonian realization of d 
can be constructed. 
2A. The Layofsof a Vertex 
Assume that each vertex v in a set V of vertices is assigned a nonnegative 
label L(v) < 1 V j. Then, a linkable set S of a vertex v is a set of L(u) vertices 
in V\(v) with largest labels. The Zavoflof a vertex v is the procedure consisting 
of: 
ofv ::dd 
rawing L(v) edges joining v to a linkable set S = (w, ,. .., wt) 
, 
(ii) setting L(v) = 0 and L(W) = L(w) - 1 for each vertex w  in S. 
The layoff of v fails if some label becomes negative. 
Unless otherwise specified, V denotes the set of vertices v1 ,..., v, and 
the labels of these vertices are 4 ,.. ., d, respectively. 
That a sequence d is graphical if and only if a realization of d can be con- 
structed by successfully laying off all the vertices one by one, is a consequence 
of the following proposition essentially due to Have1 [S] and Hakimi [6]. 
PROPOSITION 2.0. If d = (4 ,..., d,) is graphical and if S is a linkable 
set of vj , then there is some realization G of d such that 
N&j) = s. 
To establish a layoff algorithm for the construction of a realization of d 
with a Hamiltonian path starting at a specified vertex, we need to prove 
a proposition similar to but stronger than Proposition 2.0. 
2B. Construction of a Realization with a Hamiltonian Path 
We first prove some lemmas. 
58zbl4z-3 
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LEMMA 2.1. If G is a realization of d with a Hamiltonian cycle C and ij 
a, /3, y are three distinct vertices such that 
0) P E 4+-h 
00 Y # NG(OI), and 
(iii) d&4 3 &(P), 
then there exists a realization G’ of d with a Hamiltonian cycle C’ such that 
and 
Proof. Let C be 
where u1 = 01, u2 = /3, and ui = y. Then, it follows from (i), (ii), and (iii) 
that the set 
s = ~&i)\~GbZI 
is nonempty. 
We may assume that u~+~ is G-adjacent to uz , since otherwise a desired 
graph G’ can be obtained from G by a (u1u2 , u,+,u,)-exchange. 
Now, if there is some vertex uj other than uiel in the set S then the graph G 
obtained from G by a (uluz , u&-exchange has a Hamiltonian cycle 
Thus, we may assume that uiml is the only vertex in S. But, then, u3 E NF(ud) 
and so the graph G’ obtained form G by a (ulu2 , ui-,uJ-exchange has a 
Hamiltonian cycle 
c' = (a1 2 Zli 3 *3 2 u,,..., kl,% 9 Uifl, us+2 ,.'., %.,%J 
Thus, the lemma is proved. 1 
LEMMA 2.2. If G is a realization of d with a Hamiltonian cycle C and if 
01, p, y are three distinct vertices such that 
(9 P E NdoI), 
(ii> Y $ ~&I, and 
(iii> &(A 2 d&Q 
then there exists some realization G’ of d with a Hamiltonian cycle c’ such that 
N&CL) = N&LX), and 
HAMILTONIAN GRAPHS AND BIGRAPHS 157 
Proof. We may assume that 
c = (4, u2 ,..., 4 3 4, 
where w1 = a, uj = p, uk = y, and 2 < j < k < n. Then, by (i), (ii), and 
(iii), the set 
s = ~Go4J\~Gb~l 
is nonempty. 
If S contains a vertex uL $ (zQ~+~ , z4-i}, then a desired graph G’ with a 
Hamiltonian cycle C’ = C can be obtained from G by a (uluj , u,u,)-exchange. 
Thus we may assume that S _C {u~+~ , u~-~}. 
We first deal with the case that uhf1 ES. If ujPl E N,(uk), then a desired 
graph G’ with a Hamiltonian cycle 
can be obtained from G by a (u,uj , u,+,u,)-exchange. If ujel 6 N&u%), then 
we see that 
s = i”k-l , uk+l> and %+I E N&k), 
and therefore, a desired graph G’ with a Hamiltonian cycle 
c' = hl , u2 ,“‘, % , uk-1, uk-2 ,.D., %-i-l, uk, uk+l ,I*., % , %) 
can be obtained from G by a (u,q , u,-+,)-exchange. 
Thus, we may now assume that S = {ukdl}. Then ulc is G-adjacent to ZQ+~ 
(and also to uj-J. So a desired graph G’ with a Hamiltonian cycle 
c’ = @I, u2 ,..., % , uk-l, uk--8 ,..*, h+l, uk , uk+l ,-*-, %L, %> 
can be obtained from G by a (uluj , u,-,u,)-exchange. 1 
LEMMA 2.3. If G is a graph with a Hamiltonian (01, ,L?)-path P and if y 
is a vertex other than 01 such that d&) & d,(p), then a graph G’ with a 
Hamiltonian (LX, y)-path P’ can be obtainedfrom G by at most one exchange. 
Proof. We may assume that P = (uL ,..., u,) and y = uj with 1 < j < n. 
If ujP1 E N,(u,), then we take G’ = G and P’ = (ul ,..., ujel, u, , u,-~ ,..., q). 
Thus we may assume that ujel # NG(u,). Now, if there exists some k # n - 1 
such that 
uk E N&,)\N&l, 
then the graph G’ obtained from G by a (u&k, u,z.+,)-exchange has a 
Hamiltonian (01, y)-path P’ = (ul ,..., ujM1, u, , u,-~ ,..., uJ. Otherwise, 
u,-~ q! NG[uj] and u~+~ E NG(u,J and, hence, we see that the graph G’ obtained 
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from G by a (u,u,_~ , ujuj-,)-exchange has a Hamiltonian (a, y)-path 
04 >..., $1 ) zLn ) LLj+i s %+z P...) %-1 9 uj>. I 
LEMMA 2.4. If G is a Hamiltonian realization of d and ifs = (wl ,..,, wt) 
is a linkable set of vj , then there exists a realization G’ of d with a Hamiltonian 
cycle c’ such that 
NG,(vj) = S and N&(Uj) = (Wt-l ) WJ. 
Praof. It is clear from Lemmas 2.1 and 2.2 that there is a realization ti 
of d with a Hamiltonian cycle C such that NH(~,.) = S. Hence, C - vj is 
a Hamiltonian path in H - vj with both origin and terminus in S. Now 
by Lemma 2.3 there is a graph G, on V\{vj} such that dc,(vJ = dH--z.l(ui) 
for all vi E V\(q) and such that G, has a Hamiltonian (wtml , wt)-path (smce 
VV-~ , M?* have smallest degrees among the vertices in S). Hence, the desired 
G’ can be obtained from H by replacing H - vi with Gj . 1 
The proof of the following lemma is similar to that of Lemma 2.4. 
LEMMA 2.5. If vj and vR are two adjacent vertices in a Hamiltonian cycle 
C of a realization G of d, and if S = (wl ,..., wt> is a set of dj - 1 vertices 
in V\{vj , vlc} of largest G-degrees, then there is a realization G’ of d with a 
Hami~tonian cycle c’ such that N&z+) = S u (vk) and N,,(q) = (vk , ~$1. 
We can now prove the following proposition. 
PROPOSITION 2.6. Let n 3 2. If there is realization G of d with a Hamil- 
tonian path (ul ,..., uJ starting at a vertex vj , and if S = (wl ,..., wt) is a 
linkable set of vj , then there is a realization G’ of d with a Hamiltonian path 
P starting at vj such that 
N&I,.) = S and N&I) = {wt>. 
Proof. We may assume that n 3 3. By Lemma 2.4, we may assume that 
d has no Hamiltonian realization. Then ulu, $ E(G) and so dj < n - 1. 
Thus, by Lemma 2.3, we may assume that u, $ S. By adjoining an 
edge ulu, to G, we obtain a graph G* with a Hamiltonian cycle 
c* = (Ul )...) u, ) uJ. By Lemma 2.5, we may assume that 
and 112 = Wt. 
Our desired realization G’ of d can then be obtained from such a graph G* 
by removing the edge u,u, . 1 
Proposition 2.6 yields the following algorithm. 
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ALGORITHM I. To construct a realization of a given sequence 
d = (L& ,..., d,) with a Hamiltonian path P starting at a specified vertex 
vj , we assume that 0 < di < n for i = l,..., n, draw n vertices a1 ,..., v, 
initially assigned labels dl ,..., d, , respectively, and set v = v, . 
Step 1. If the number of vertices not yet laid off is greater than 1, go to 
Step 2. Otherwise, stop. If L(U) = 0, a desired realization is drawn; if 
L(v) > 0, d is not graphical. 
Step 2. If L(v) = 0 or the layoff of v fails, stop (no desired realization). 
Otherwise, specify the last edge vwt drawn in the layoff of v as an edge of P, 
set v = wt and go to Step 1. 
Given a sequence d that has a realization with a Hamiltonian path, we can 
use the above algorithm to construct a realization of d with a Hamiltonian 
path starting at a vertex vj with dj = min{d, ,..., d,). We record the following 
immediate consequence of Lemma 2.3. 
COROLLARY 2.7. If n 3 2 and d = (4 ,..., d,) is a nonincreasing sequence 
that has a realization with a HamiItonian path, then there is a realization of 
d with a Hamiltonian (v, , v,-,)-path. 
2C. Construction of a Hamiltonian Realization 
We now show how Algorithm I can be used to construct a Hamiltonian 
realization of a given sequence. 
ALGORITHM II: CONSTRUCTION OF A REALIZATION OF d = (d,,...,d,) 
WITH A HAMILTONIAN CYCLE. (i) Assume that 1 < d, < n for i = I,..., n. 
(ii) Apply Algorithm I to construct a realization G of d with a 
Hamiltonian path P = (uI , u2, u3 ,..., u,) starting at a vertex vj such that 
dj = max(d, ,..., d,). 
(iii) If the construction of G in (ii) fails, then d has no Hamiltonian 
realization. Otherwise, a Hamiltonian realization of d can be obtained from 
G by at most one exchange as follows: 
Case 1. Z+U, E E(G). Then G itself has a Hamiltonian cycle (ul ,..., u, , ul). 
Case 2. wlu, $ E(G). Then u, is adjacent in G to some ui with 1 < i < 
IZ - 1. If u~+~ E NG(ul), then G itself has a Hamiltonian cycle (v , u2 ,..., 
ui, u,, %-lY.., &I, uJ. Otherwise, since d,(u,) > d&z& there is some 
uk E ~G(~1)\W~[4 u @J) and h ence by a (uluk , u$u,)-exchange, we obtain 
a realization of d with a Hamiltonian cycle (ul ,..., u, , ul). 
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3. CONSTRUCTION OF HAMILTONIAN BIGRAPHS WITH PRESCRIBED DEGREES 
Algorithms similar to those in Section 2 can be established for bigraphs. 
For brevity, the algorithms will be given with proofs omitted. 
3 A. Birealizations and Bilayof 
Let V be a given set of vertices and let X = (x1 ,..., x7)+ and 
Y = { y1 >..., y,)+ be disjoint subsets of V such that V = X u Y. We call 
X, Y the sides of V and write S(v) to denote the side containing any vertex 
u E V. Let e = (e, ,..., e,) and f = (fi ,..., fs) be two given sequences of non- 
negative integers. 
By a birealizatiorz of a sequence-pair (e, f), we mean a bigraph with a 
&partition (X, Y) such that the degrees of the vertices x1 ,..., x, , y, ,..., ys 
are e, ,,.., e, , fi ,..., fs , respectively. There are known necessary and sufficient 
conditions for a sequence-pair (e, f) to have a birealization (see [I, 51). The 
graph obtained from a birealization of (e, f) by a (uluZ, zl,tl,)-exchange 
remains a birealization of (e, f) if and only if ua , U, are in different sides; 
we may call such an exchange a biexchange. 
If a given sequence-pair (e, f) has a birealization, then, obviously, the 
following conditions hold: 
and 
Without Ioss of generality, we henceforth assume that (e, f) satisfies these 
conditions. 
Assume that each vertex v E V = X u Y is assigned a nonnegative label 
L(v) < / V\S(v)l. A bilinkable set S of a vertex v is a set of L(v) vertices in 
Y\S(v) with largest labels. The bilayofSof a vertex v is the procedure consisting 
OfI 
(i) drawing edges joining v to a bilinkable set S = (wl ,..., wt> of v, 
and 
(ii) setting L(u) = 0 and L(w) = L(w) - 1 for each vertex w in S. 
The bilayofffai2s if some label becomes negative. 
Unless otherwise specified, the vertices x, ,..., x, , y1 ,..., ys are assumed to 
have labels e, ,..., e, , fi ,..., fs , respectively. 
It is known [5] that a birealization of a given sequence-pair can be con- 
structed by bilayoffs of vertices. 
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3B. Construction of a &realization with a Hamiltonian Path or Cycle 
We now state the laying-off algorithms for the construction of a bireali- 
zation with a Hamiltonian path or cycle. Proofs required to establish these 
algorithms are essentially similar to those given in Section 2. 
ALGORITHM I’. To construct a birealization of a given sequence-pair 
(e, f) with a Hamiltonian path P starting at a specified vertex U, we assume 
that the vertices x1 ,..., X, , y, ,..., ys are initially assigned with labels e, ,..., e, , 
h ,“., s 2 respectively, and set a = U. 
Step 1. If the number of vertices not yet bi-laid off is greater than 1, 
go to Step 2. Otherwise, stop. If L(u) = 0, a desired birealization is drawn; 
if L(U) > 0, (e, f) does not have any birealieation. 
Step 2. If L(v) = 0 or the bilayoff of o fails, stop (no desired bireali- 
zation). Otherwise, specify the last edge vwt drawn in the bilayoff as an edge 
of P, set Y = *at , and go to Step 1. 
Note. If a sequence-pair (e, f) has a birealization with a Hamiltonian 
path, then we can use Algorithm I’ to construct a birealization of (e, f) with 
a Hamiltonian path starting at a vertex with a smallest label among vertices 
in one side (in the larger side if r f s). 
ALGORITHM II’: CONSTRUCTION OF A BIREALIZATION OF (e, f) WITH A 
HAMILTONIAN CYCLE. (i) Assume that r = s > e, ,..., e, ,fi ,..., f’ > 2. 
(ii) Apply Algorithm I’ to construct a birealization G of (e, f) with a 
Hamiltonian path P = (ul ,..., u,) starting at a vertex xj such that 
ej = max{e, ,..., e,}. 
(iii) If the construction of G in (ii) fails, then (e, f) has no Hamiltonian 
birealization. Otherwise, a Hamiltonian birealization of (e, f) can be obtained 
from G by at most one exchange, a biexchange, in the same manner as in 
part (iii) of Algorithm II. 
4. EXISTENTIAL CONDITIONS 
Necessary and sufficient conditions for the sequence to have a realization 
with a Hamiltonian cycle or path are stated below. 
THEOREM 4.1 [2, 10, 111. A nonincreasing sequence d = (cl1 ,..., d,) has a 
realization with a Hamiltonian cycle if and only if 
(i) both d and (4 - I&..., d, - 2) are graphical, and 
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(ii) for every positive integer k < n/2, 
5 4 < k(n - k - 1) + f di . 
i=l <=7%+1--k 
THEOREM 4.2. Let n 2 2. A noniTxcreasing sequence d = (dl ,..., d,) 
has a realization with a Hamiltonian path if and only if 
(i) both d and (dl - 2,..., d,,_, - 2, d,-, - 1, d, - 1) are graphical, 
and 
(ii) for every positive integer k < (n - 1)/2, 
5 di < k(n - k - 2) + 5 di . 
i=l i=n--k 
(Note. Theorem 4.2 can be easily derived from Theorem 4.1 by using the 
fact that, for n > 2, d has a realization with a Hamiltonian path if and only 
if the sequence (n, dI + l,..., d, + 1) has a Hamiltonian realization. On the 
other hand, Theorem 4.1 can also be obtained from Theorem 4.2 by first 
showing the fact that, for a nonincreasing sequence d with d, > 2, d has 
a Hamiltonian realization if and only if the sequence (4 + 1, dZ ,..., d, , I) 
has a realization with a Hamiltonian path.) 
The following characterization of the sequence-pairs that have Hamiltonian 
birealizations can be established with a proof similar to that for Theorem 4.1 
(see [31). 
THEOREM 4.3. Let e andf be nonincreasing andlet e’ = (e, - 2,..., e, - 2) 
and f’ = (fi - 2,..., fS - 2). Then (e, f) has a Hamiltonian birealization if 
and only if 
(i) both (e, f) and (e’, f’) have birealizations, and 
(ii) for every positive integer k < r (= s), 
i ei < k(s - k) f i Ji . 
i=l i=s+l--E 
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